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CSR	
  plays	
  important	
  role	
  in	
  perturbing	
  the	
  dynamics	
  of	
  high	
  
brightness	
  electron	
  beam	
  when	
  transported	
  through	
  magneBc	
  
dipoles.	
  It	
  can	
  cause	
  
•  Energy	
  	
  loss,	
  emiQance	
  growth	
  
•  FilamentaBon	
  of	
  longitudinal	
  phase	
  space	
  	
  
•  Microbunching	
  instability	
  

	
  
	
  

	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  

There	
  have	
  been	
  extensive	
  studies	
  of	
  the	
  CSR	
  effects.	
  Most	
  
studies	
  are	
  based	
  on	
  1D	
  CSR	
  interacBon	
  model	
  

•  Theory:	
  CSR	
  force	
  generated	
  by	
  1D	
  rigid-­‐line	
  bunch	
  (steady	
  state	
  and	
  
transient)	
  

•  SimulaBon:	
  ELEGANT	
  	
  (based	
  on	
  1D	
  CSR	
  model)	
  
•  	
  Experiment:	
  good	
  agreement	
  with	
  ELEGANT	
  results	
  on	
  	
  beam	
  phase	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  space	
  degradaBon	
  
•  Microbunching	
  Instability:	
  	
  linearized	
  Vlasov	
  analysis	
  	
  

Introduction 



Example	
  of	
  EmiQance	
  Growth	
  in	
  LCLS	
  

Examples	
  of	
  measured	
  CSR	
  effects	
  on	
  LCLS	
  BC1	
  and	
  their	
  	
  
with	
  Elegant	
  simulaBon	
  	
  

QuesBons:	
  Are	
  there	
  any	
  2D	
  Effects	
  in	
  these	
  experiments?	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  If	
  not,	
  why?	
  When	
  2D	
  effects	
  are	
  supposed	
  to	
  show	
  up?	
  



Derbenev’s	
  Criterion	
  for	
  1D	
  CSR	
  Effect	
  

•  For	
  a	
  bunch	
  with	
  rms	
  length	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  the	
  overtaking	
  fields	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  will	
  have	
  
transverse	
  coherence	
  if	
  across	
  	
  	
  	
  	
  	
  	
  	
  the	
  phase	
  difference	
  is	
  much	
  less	
  than	
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Derbenev	
  et	
  al,	
  TESLA-­‐FEL-­‐Report	
  1995-­‐05	
  (1995)	
  

σ x

θ

l

σ x 2π
( )zλ σ:

(1)  During	
  roll-­‐over	
  compression	
  
	
  	
  	
  	
  	
  	
  Large	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  due	
  to	
  dispersion	
  and	
  small	
  	
  	
  	
  	
  	
  	
  	
  	
  due	
  to	
  compression	
  	
  	
  σ x σ z

•  SituaBons	
  when	
  Derbenev	
  criterion	
  may	
  be	
  violated	
  

(2)	
  	
  Microbunching	
  when	
  modulaBon	
  wavelength	
  is	
  very	
  small	
  

For	
  COTR	
  observed	
  at	
  	
  LCLS	
  BC1	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
σ x = 80µm, R = 2.1m, λ ≈ 500nm

Loos	
  et	
  al,	
  SLAC-­‐PUB-­‐13395	
  (2008)	
  
2/3 1/3

xRλ σ:

QuesBon:	
  	
  Are	
  there	
  any	
  other	
  2D	
  effects	
  in	
  addiBon	
  to	
  the	
  transverse	
  decoherence?	
  

(3)	
  MagneBzed	
  electron	
  beam	
  in	
  Circulator	
  Cooler	
  Ring	
  of	
  MEIC	
  has	
  large	
  size	
  in	
  x-­‐y	
  plane,	
  
	
  	
  	
  	
  	
  iQs	
  microbunching	
  needs	
  3D	
  descripBon.	
  



Basic Equations 

•  Lorentz	
  Force	
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•  Transverse	
  parBcle	
  dynamics	
  in	
  dipoles	
  
2

2 2 2
0 0

( )( ) col
rF td x x t

c dt R R
Δ+ = +E
E E

Basic Equations (con’d) 

 
ΔE (t) = E (t)−E0 = ΔE (t = 0)+ dt

0

t

∫  Es
colvs + Er

colvr( )

co coNominal optics:   0,    gives the dispersion 
correction to the betatron oscilations.

l l
r sF F= = ΔE

•  Longitudinal	
  parBcle	
  dynamics	
  in	
  dipoles	
  

1D CSR model:   Fr
co l = 0,   Fs

co l  for a rigid-line bunch

QuesBons:	
  	
  	
  Why	
  does	
  the	
  1D	
  approximaBon	
  work	
  so	
  well?	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  When	
  will	
  the	
  transverse	
  CSR	
  force	
  be	
  needed?	
  How	
  does	
  it	
  behave?	
  
	
  	
  	
  



Early Studies/Predictions of  2D Effects  

Transverse	
  CSR	
  Force	
  
(Talman,	
  PRL	
  56,	
  1429	
  (1986)	
  
§  For	
  a	
  bunch	
  with	
  line	
  charge	
  density	
  	
  	
  	
  	
  	
  on	
  circular	
  orbit	
  of	
  radius	
  R,	
  the	
  radial	
  	
  
	
  	
  	
  	
  	
  	
  component	
  of	
  space	
  charge	
  does	
  not	
  have	
  relaBvisBc	
  cancellaBon	
  between	
  E	
  and	
  B	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  This	
  is	
  the	
  first	
  Bme	
  the	
  behavior	
  and	
  effect	
  of	
  transverse	
  CSR	
  force	
  was	
  pointed	
  out	
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§  Behavior	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
o  Logarithmic	
  divergence	
  at	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  entails	
  a	
  rapid	
  	
  
	
  	
  	
  	
  	
  	
  spaBal	
  variaBon	
  over	
  transverse	
  and	
  longitudinal	
  
	
  	
  	
  	
  	
  	
  beam	
  distribuBon	
  
o  Independent	
  of	
  energy	
  

	
  	
  

Fr
col

θ = 0

§  Possible	
  effects	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  on	
  beam	
  dynamics:	
  	
  
	
  	
  	
  	
  	
  	
  

Equivalent	
  to	
  temporary	
  shih	
  up	
  of	
  momentum-­‐-­‐-­‐chromaBc	
  effect	
  
A	
  potent	
  driver	
  of	
  complicated	
  nonlinear	
  resonances,	
  such	
  as	
   Qr =Qz +Qs

Fr
col

d 2r
dt 2

+ 2α dr
dt

+Qr
2ω 0

2r = Fr
col

	
  Centrifugal	
  space	
  charge	
  force	
  
(CSCF)	
  due	
  to	
  radiaBve	
  part	
  of	
  LW	
  



CancellaBon	
  of	
  the	
  CSCF	
   (Lee,	
  ParBcle	
  Accelerators	
  25,	
  241	
  (1990)	
  

A	
  parBcle	
  undergoing	
  betatron	
  oscillaBons	
  has	
  simultaneously	
  oscillaBons	
  of	
  its	
  kineBc	
  
energy	
  due	
  to	
  its	
  moBon	
  through	
  the	
  beam’s	
  electric	
  potenBal.	
  	
  
	
  
	
  

In	
  curved	
  geometry,	
  the	
  kineBc-­‐energy	
  oscillaBon	
  results	
  in	
  a	
  first-­‐order	
  dynamical	
  term	
  	
  
in	
  the	
  horizontal	
  equaBon	
  of	
  moBon	
  that	
  cancels	
  the	
  effect	
  of	
  CSCF.	
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CancellaBon	
  of	
  effect	
  of	
  potenBal	
  energy	
  depression	
  with	
  CSCF:	
  

Φcol (r)



Non	
  Non	
  

NoninerBal	
  Space	
  Charge	
  Force	
   (B.	
  Carlsten,	
  PRE	
  54,	
  838	
  (1996)	
  

The	
  longitudinal	
  LW	
  electric	
  field	
  on	
  an	
  off-­‐axis	
  parBcle	
  from	
  
	
  the	
  interacBon	
  of	
  a	
  line	
  bunch	
  on	
  design	
  orbit:	
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Usual	
  Coulomb	
  force:	
  
•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  no	
  net	
  energy	
  loss	
  
•  Logarithmic	
  divergence	
  at	
  	
  

	
  	
  

∝γ −2
Usual	
  CSR	
  force:	
  	
  
•  net	
  energy	
  loss	
  
•  Independent	
  of	
  energy	
  
•  no	
  logarithmic	
  	
  divergence	
  

NoninerBal	
  space	
  charge	
  force	
  (NSCF):	
  
	
  
	
  
	
  
	
  

Similar	
  to	
  space	
  charge	
  
•  Logarithmic	
  divergence	
  at	
  
•  No	
  net	
  energy	
  loss	
  	
  

ζ = 0

Similar	
  to	
  CSR	
  
•  Independent	
  of	
  energy	
  	
  	
  

ζ = 0

Effect	
  of	
  NSCF	
  on	
  EmiQance	
  Growth	
  

1ps,	
  1kA,	
  1mm-­‐radius	
  bunch	
  
in	
  5deg	
  two-­‐dipole	
  system	
  

NSCF	
  

CSR	
  



Longitudinal	
  space	
  charge	
  effect	
  in	
  slowly	
  converging	
  
relaBvisBc	
  beam	
   K.	
  Bane	
  and	
  A.	
  Chao,	
  PRSTAB	
  5,	
  104401	
  (2002)	
  

In	
  a	
  4-­‐dipole	
  chicane,	
  the	
  relaBvisBc	
  bunch	
  converges	
  drasBcally	
  during	
  the	
  drih	
  before	
  the	
  
last	
  dipole.	
  

  
E f −Ei =

!
E ⋅ !v dt =∫ − q(ϕ f −ϕi )+ (term ∝γ −2 )

Independent	
  of	
  	
  	
  	
  ,	
  mainly	
  caused	
  by	
  LSC	
  force	
  γ

ϕG :  Green's function of potential for a rod current in a circular beam pipe

LSC	
  Effects	
   CSR	
  Effects	
  

	
  SPPS	
  bunch	
  compressor	
  	
  

σ z0 = 1.15 mm,  σ zf = 41 µm

For	
  SPPS	
  bunch,	
    E = 9 GeV, Ne = 2.1×10
10

5

5
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11.5 10
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x x
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δ
ε ε
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Δ :

δ = −37 ×10−5

δ rms = 16 ×10
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Transverse	
  self-­‐field	
  in	
  an	
  arc	
  of	
  a	
  circle	
  
G.	
  Geloni	
  et	
  al.,	
  DESY	
  03-­‐44	
  (2002)	
  

•  Analysis	
  of	
  Coulomb	
  and	
  radiaBve	
  contribuBons	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  using	
  Lienard-­‐Wiechert	
  fields	
  
•  A	
  parallel	
  approach	
  of	
  the	
  analysis	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  Saldin	
  et	
  al.	
  in	
  NIM	
  A	
  398,	
  373	
  (1997)	
  
•  Careful	
  studies	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  various	
  parameter	
  regime,	
  including	
  entrance	
  and	
  exit	
  

behavior	
  	
  

Fr
col  

Fs
col  

Fr
col  

Major	
  findings:	
  	
  

Unlike	
  the	
  usual	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  the	
  transverse	
  force	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  has	
  a	
  head-­‐tail	
  contribuBon	
  due	
  to	
  	
  
radiaBve	
  parts	
  of	
  the	
  LW	
  fields:	
  

Fs
col  Fr

col  
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col
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1
RΔs

Normalized	
  radial	
  force	
  vs.	
  s	
   Head-­‐tail	
  interacBon	
  

head-tail

tail-head

head-tail

Features:

(1)    is 1 2 times 

        of 

(2)   Sudden turn-on of 

         at arc entrance
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KineBc	
  energy	
  change	
   ( )0
0

( ) ( ) ( 0)  
t

col col
s s r rt t t dt E v E vΔ = − = Δ = + +∫E E E E

 

d 2x
c2dt 2

+ x
R2

= ΔE (t)
RE0

+ Fr
col (t)
E0

Transverse	
  dynamics	
  

The	
  history	
  of	
  studies	
  of	
  	
  transverse	
  effects	
  from	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (1985-­‐now)	
  
reflects	
  the	
  step-­‐by-­‐step	
  endeavors	
  toward	
  a	
  complete	
  understanding	
  of	
  the	
  EM	
  
interacBon	
  on	
  a	
  curved	
  orbit.	
  	
  	
  	
  	
  

Fs
colFr

col
 ΔE

Talman	
  	
  
(1985)	
  

Fr
col  from LW fields,

(on an arc)
Strong	
  dependence	
  on	
  x	
  due	
  	
  
to	
  local	
  logarithmic	
  divergence	
  	
  
	
  

Lee	
  	
  
(1990)	
  

 

ΔEk  = eΔϕ col = −e Er
col (r)dr∫  

(coasting beam on circular orbit),
Cancels	
  	
  	
  	
  	
  	
  	
  	
  	
  effects	
  on	
  dynamics	
  Fr

col

Carlsten	
  	
  
(1995):	
  

Es
col  from LW fields

(on an arc for off-axis particles)
Non-­‐inerBal	
  term	
  sensiBve	
  	
  
to	
  local	
  interacBon	
  	
  

Bane	
  and	
  Chao	
  	
  
(2002):	
  

 

ΔEk  = eΔϕ col = −e Es
col (r)ds∫  

(on straight section ),
LSC	
  for	
  converging	
  beam,	
  
No	
  	
  	
  	
  	
  	
  dependence	
  γ −2

Geloni	
  	
  et	
  al.	
  
(2002):	
  

Fr
col  from LW fields 

(straight + arc)
Head-­‐tail	
  contribuBon,	
  
Sudden	
  turn-­‐on	
  at	
  entrance	
  



QuesBons	
  

•  We	
  see	
  disparate	
  terms,	
  on	
  straight	
  or	
  on	
  an	
  arc,	
  due	
  
to	
  Coulomb	
  fields	
  or	
  radiaBve	
  fields,	
  	
  all	
  with	
  strong	
  
dependence	
  on	
  transverse	
  parBcle	
  coordinates.	
  How	
  
do	
  they	
  relate	
  to	
  each	
  other?	
  

	
  
•  Is	
  the	
  cancellaBon	
  pointed	
  by	
  E.	
  Lee	
  for	
  a	
  coasBng	
  
beam	
  a	
  general	
  property	
  of	
  EM	
  interacBon	
  on	
  a	
  
curved	
  orbit?	
  



 
V0 = e(ϕ − βAs ) = e

2 d ′!r γ −2 +θ 2 / 2
| !r − ′!r |∫

Cancella'on	
  and	
  the	
  Canonical	
  Formula'on	
  
•  Radial	
  force	
  in	
  terms	
  of	
  potenBals	
   Derbenev	
  and	
  Shiltsev,	
  SLAC-­‐PUB-­‐7181	
  (1996)	
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Instead	
  of	
  expressing	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  terms	
  of	
  Coulomb	
  and	
  RadiaBve	
  parts,	
  here	
  the	
  
Cylindrical	
  component	
  of	
  fields	
  are	
  expressed	
  in	
  terms	
  of	
  potenBals	
  	
  

Fr
col

Ex = − ∂ϕ
∂x

− ∂Ax

c∂t

By =
1

1+κ x
∂Ax

∂y
− ∂As

∂x
− As
r

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

ϕ = ρ(!′r , ′t )
!r − !′r∫ d!′r

!
A = J(!′r , ′t )

!r − !′r∫ d!′r

⎧

⎨
⎪⎪

⎩
⎪
⎪

 ′t = t − !r − !′r / c( )

No	
  relaBvisBc	
  
CancellaBon	
  
Between	
  	
  
E	
  and	
  B	
  

 

Fr
col = − ∂V0

∂x
− e dAx

cdt
+ e As

r
dE
cdt

=  ∂V0

c∂t
− e dϕ

cdt

with	
  

No	
  local	
  	
  
singularity	
  

effecBve	
  radial	
  force	
  

From	
  effect	
  on	
  the	
  SC	
  invariants,	
  Derbenev	
  and	
  Shiltsev	
  	
  
stated	
  that	
  the	
  cancellaBon	
  shown	
  by	
  E.	
  Lee	
  for	
  a	
  coasBng	
  
beam	
  is	
  valid	
  for	
  any	
  relaBvisBc	
  bunch.	
  	
  

Li,	
  EPAC	
  2002,	
  1365	
  (2002)	
  

γ −2  dependence

EffecBve	
  longitudinal	
  force	
  

Centrifugal	
  	
  
Space	
  charge	
  
force	
   CFSF	
  

Fr_total	
  

V0	
  
Feff_x	
  



 

Fr
col (t)
E0

= 1
E0

− ∂V0
∂x

− e dAx

cdt
+ e As (t)

r
⎛
⎝⎜

⎞
⎠⎟

•  EquaBon	
  of	
  MoBon	
  

CancellaBon	
  of	
  the	
  Potent	
  Driving	
  Terms	
  in	
  the	
  
Transverse	
  Dynamics	
  on	
  a	
  Circular	
  Orbit	
  

2

2 2 2
0 0

( )( ) col
rF td x x t

c dt R R
Δ+ = +E
E E

( )0 0
0

0 0

( ) 1 (0) ( ( ) (0)t Ve t dt
R R t

ϕ ϕ− ∂⎛ ⎞= − − − +⎜ ⎟∂⎝ ⎠∫
E E

E E
E E

Li,	
  Proc.	
  of	
  HBHB	
  workshop,	
  369	
  (1999)	
  

  

d 2x
c2dt 2

+ x
R2

= δ tot

R
+ 1

E0

1
R

∂V0
∂t

dt∫
! "# $#

− ∂V0
∂x

−e dAx

cdt
+ V0
R! "# $#

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

•  Reorganize	
  Eq.	
  of	
  MoBon	
  

 
δ tot =

E (0)+ eϕ(0)[ ]−E0

E0

 
V0 = e(ϕ − βAs ) = e

2 d ′!r γ −2 +θ 2 / 2
| !r − ′!r |∫

Act	
  as	
  iniBal	
  energy	
  spread	
  

Potent	
  terms	
  
Cancelled	
  !	
  

dominant	
   small	
  



Bane	
  and	
  Chao	
  	
  
(2002):	
  

0( ) ( )  colk
s

e e E r ds
R R R

ϕ ϕΔ −= = − ∫
E 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  cancelled	
  by	
  	
   e

As
R

 in Fr
(In	
  the	
  4th	
  dipole)	
  

 
Fr
col

head-tail
 !  e2

4πε0

1
RΔs

= eAs
R

Li,	
  Proc.	
  of	
  HBHB	
  workshop,	
  369	
  (1999)	
   Li,	
  PAC	
  2003,	
  208	
  (2003)	
   Li,	
  PAC	
  2005,	
  1631	
  (2005)	
  
That	
  explains	
  the	
  good	
  agreement	
  of	
  Elegant	
  simulaBon	
  with	
  experiment.	
  

Geloni	
  	
  et	
  al.	
  
(2002):	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  cancelled	
  by	
  	
  

 
−eϕ −ϕ0

R
 in ΔE

R

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  cancelled	
  by	
  	
  
0

1 ( ) (0),      ( )
t

NSCF NSCF
s

d tF e F t v dt e
cdt R R
ϕ ϕ ϕ−′ ′= − = −∫ e As

R
 in Fr

ω r
2 ≈ c2

R2
+ e
γ m

1
R
∂ϕ
∂r

− 1
R
∂As
∂r

⎛
⎝⎜

⎞
⎠⎟

γ (R)mc2 + eϕ(R) = eRBext

(Equilibrium	
  orbit)	
  

KineBc	
  energy	
  change	
   ΔE0 (t) = E(t)− E0 = ΔE0 (t = 0)+ dt
0

t

∫  Es
colvs + Er

colvr( )

 

d 2x
c2dt 2

+ x
R2

= ΔE (t)
RE0

+ Fr
col (t)
E0

Transverse	
  dynamics	
  

We	
  now	
  look	
  at	
  the	
  previous	
  studies	
  from	
  	
  the	
  new	
  perspecBve:	
  

( )
( )
max

0 min

tan / 4
ln

4 tan / 4
CSCF sAF e

r R
θλ

πε θ
= = 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  cancelled	
  by	
  	
  

 
−eϕ −ϕ0

R
 in ΔE

RTalman	
  	
  
(1985)	
  

Lee	
  	
  
(1990)	
  

Carlsten	
  	
  
(1995):	
  



•  Least	
  acBon	
  principle	
  

Canonical	
  FormulaBon	
  of	
  EM	
  Dynamics	
  on	
  a	
  Curved	
  Trajectory	
  
Li,	
  EPAC	
  2002,	
  1365	
  (2002)	
   Li	
  and	
  Derbenev,	
  JLAB-­‐TN-­‐02-­‐054	
  (2002)	
  

 

S = − Pµ

τ1

τ 2

∫ dxµ = −mc U µUµ! "# $#
− e
c
AµUµ

!"# $#

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥τ1

τ 2

∫  dτ

  
Pµ = pµ + eAµ / c = E + eϕ

c
, !p + e

!
A / c⎛

⎝⎜
⎞
⎠⎟

•  Euler-­‐Lagrangian	
  EquaBon	
  

Canonical	
  momentum:	
  

L0 Lint

dPµ

dτ
= − ∂Lint

∂xµ

(Cartesian	
  frame)	
  

ConvenBonal	
  approach	
   dpµ

dt
= e
c
FµνUν

  

d!p
dt

=
!
F = e

!
E +
!v
c
×
!
B⎛

⎝⎜
⎞
⎠⎟

dE
dt

=
!
F ⋅ !v

⎧

⎨
⎪⎪

⎩
⎪
⎪

  

d( !p + e
!
A / c)

dt
= ∇Lint = −e ∇ϕ − βi∇Ai( )

d(E + eϕ )
dt

= − ∂Lint
∂t

= −e ∂ϕ
∂t

−
!
β ⋅ ∂
!
A
∂t

⎛
⎝⎜

⎞
⎠⎟

⎧

⎨
⎪⎪

⎩
⎪
⎪

 

!
E = −∇ϕ − 1

c
∂
!
A
∂t

,    
!
B = ∇×

!
A



Canonical	
  FormulaBon	
  on	
  Straight	
  Path	
  
Some	
  not-­‐so-­‐easy	
  to	
  prove	
  theorem	
  for	
  dynamics	
  in	
  EM	
  field	
  can	
  be	
  
straighoorwardly	
  shown	
  in	
  terms	
  of	
  canonical	
  formulaBon	
  

•  Wake	
  funcBon	
  on	
  straight	
  path	
  (for	
  E,	
  B	
  being	
  RF	
  fields	
  or	
  wake	
  field)	
  

Stupakov,	
  SLAC-­‐PUB-­‐8683	
  (2002)	
  

 

w!(
"
ρ, s) = − c

q
Δp! = − c

q
dt  Ez∫ z=ct−s

,    

w⊥ ( "ρ, s) = c
q
Δp⊥ = c

q
dt  
"
E⊥ +

"z ×
"
B( )∫ z=ct−s

⎧

⎨
⎪⎪

⎩
⎪
⎪ Panofsky-­‐Wenzel	
  Theorem	
  

 

∂w⊥

∂s
= ∇ρw!

	
  For	
  the	
  canonical	
  momentum	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  P = p + eA / c

 

d
!
P
dt

= −e∇(ϕ −
!
β ⋅
!
A)

 

Δp⊥ + eΔA⊥ / c = −e ∇⊥∫ (ϕ −
!
β ⋅
!
A) dt

Δp" + eΔA " /c = −e ∇"∫ (ϕ −
!
β ⋅
!
A) dt

⎧
⎨
⎪

⎩⎪  

∂Δp⊥
∂s

=
∂Δp!
∂r⊥

This	
  can	
  hold	
  only	
  when	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  calculated	
  accurately	
  F⊥  F!



Li,	
  EPAC	
  2002,	
  1365	
  (2002)	
   Li	
  and	
  Derbenev,	
  JLAB-­‐TN-­‐02-­‐054	
  (2002)	
  

Canonical	
  FormulaBon	
  on	
  Curved	
  Orbit	
  

 

d px + eAx / c( )
dt

= d(
!
P ⋅ !ex )
dt

= d
!
P
dt

⋅ !ex +
!
P ⋅ d
!ex
dt

ProjecBng	
  on	
  Eular-­‐Lagrangian	
  equaBon	
  on	
  the	
  radial	
  basis:	
  

 

d px + eAx / c( )
dt

= −e ∂(ϕ −
!
β ⋅
!
A)

∂x
+ vs

ps + eAs / c
r

	
  
Generalized	
  	
  centrifugal	
  	
  force:	
  	
  

Centrifugal	
  
Space	
  charge	
  
force	
  

Usual	
  centrifugal	
  force	
  

 
FGCF = vs

ps + eAs / c
r

≈ E + eϕ
r

+ e As −ϕ
r

  

d(E + eϕ )
dt

= e ∂ϕ
∂t

−
!
β ⋅ ∂
!
A
∂t

⎛
⎝⎜

⎞
⎠⎟

,    (E + eϕ )t = (E + eϕ )0 + dt∫  e ∂ϕ
∂t

−
!
β ⋅ ∂
!
A
∂t

⎛
⎝⎜

⎞
⎠⎟

Transverse	
  equaBon	
  of	
  moBon:	
  

0

int int( / ) ( 0) 1 textx x tot
x t

d p eA c t L LF dt
dt r r t x
+ = ∂ ∂′= + − +

′∂ ∂∫
E

No	
  local	
  singularity	
  

This	
  can	
  only	
  hold	
  when	
  Fr	
  and	
  Fs	
  are	
  calculated	
  accurately,	
  and	
  dynamics	
  are	
  advanced	
  
	
  self-­‐consistent	
  



•  The	
  cancellaBon	
  is	
  explicit	
  in	
  terms	
  of	
  the	
  geometric	
  effect	
  of	
  canonical	
  
momentum	
  

•  The	
  usual	
  approach	
  using	
  Lorentz	
  force	
  and	
  Lienard-­‐Wiechert	
  is	
  
equivalent	
  to	
  the	
  canonical	
  one:	
  the	
  cancellaBon	
  can	
  be	
  taken	
  care	
  of	
  
implicitly	
  if	
  	
  

o  BOTH	
  longitudinal	
  and	
  transverse	
  CSR/LSC	
  forces	
  are	
  	
  included	
  	
  
o  dynamics	
  advanced	
  self-­‐consistently.	
  

•  This	
  may	
  explain	
  why	
  1D	
  CSR	
  model	
  works	
  well,	
  since	
  in	
  1D	
  rigid-­‐line	
  
bunch	
  model,	
  	
  

o  both	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  not	
  included	
  
o  Ohen	
  1D	
  CSR	
  force	
  is	
  approximately	
  the	
  effecBve	
  longitudinal	
  CSR	
  force	
  
o  The	
  transverse	
  effecBve	
  CSR	
  force	
  has	
  much	
  smaller	
  effects	
  
o  The	
  iniBal	
  total	
  energy	
  offset	
  (including	
  potenBal	
  energy)	
  does	
  not	
  cause	
  emiQance	
  growth	
  for	
  
	
  	
  	
  	
  achromaBc	
  bending	
  systems	
  
	
  

	
  

Discussions	
  

eϕ(t) / r eAs / r

•  The	
  canonical	
  momentum	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  works	
  as	
  a	
  dynamical	
  enBty	
  	
  
	
  	
  	
  	
  	
  is	
  natural	
  since	
  EM	
  field	
  is	
  fundamentally	
  quantum	
  gauge	
  field.	
  	
  

Pµ = pµ + eAµ / c

pµ → pµ + eAµ / c      or     ih∂µ→ ihDµ = ih∂µ + eAµ / cMinimal	
  coupling	
  in	
  QM:	
  

•  Busch’s	
  theorem:	
  conservaBon	
  of	
  canonical	
  angular	
  momentum	
    
!
L = !r ×

!
P



•  Complete	
  Transverse	
  dynamical	
  equaBon	
  

Behavior of  Residual Force Terms 

  

d 2x
c2dt 2

+ x
R2

= Δδ tot (t = 0)
R

+ 1
RE0

Fv
eff ( ′t )cd ′t

0

t

∫ + Fr
eff (t)
E0

0
0 0

0

0 0

( )              ,

( )( )              

(0) (0)              ( 0)

                 (for (0) / )

eff
v

eff x s
r

tot k

AF e
c t

dA e AAF e e
x cdt r

et

e

ϕ

ϕ

ϕ β

ϕϕ β

ϕδ δ δ

δ ϕ

∂ − ⋅=
∂

−∂ − ⋅= − − +
∂

+ −= = = +

=

E E
E
E

Canonical	
  relaBve	
  energy	
  offset	
  

EffecBve	
  longitudinal	
  CSR	
  force	
  

EffecBve	
  transverse	
  	
  CSR	
  force	
  

Correlated	
  perturbaBons	
  causing	
  	
  

x = R11x0 + R12 ′x0 + R16 (δ k0 +δϕ 0 )+ Δxc
′x = R21x0 + R22 ′x0 + R26 (δ k0 +δϕ 0 )+ Δ ′xc
z = z0 + R51x0 + R52 ′x0 + R56 (δ k0 +δϕ 0 )+ Δzc
δ k +δϕ( ) = δ k0 +δϕ 0( ) + Δδ kc

⎧

⎨

⎪
⎪

⎩

⎪
⎪

PerturbaBon	
  
to	
  linear	
  opBcs:	
  

(Δxc ,Δ ′xc ,Δzc ,Δδ c )

Driving	
  	
  
Factors:	
  

δϕ 0	
  	
  	
  	
  	
  	
  	
  acts	
  as	
  	
  iniBal	
  
energy	
  spread	
  and	
  
does	
  not	
  cause	
  
emiQance	
  growth	
  in	
  
achromaBc	
  system	
  

dominant	
  



(x- δ  correlated)

Longitudinal	
  EffecBve	
  Force	
  	
  
•  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  correlaBon	
  for	
  an	
  energy-­‐chirped	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  bunch	
  	
  
in	
  dispersive	
  region	
  	
  

•  The	
  CSR	
  force	
  is	
  influenced	
  by	
  the	
  bunch	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  deflecBon	
  mainly	
  	
  
	
  	
  	
  	
  	
  through	
  retardaBon	
  

(δ -z correlated)x-z

x-z

),( tr!R
!

cRtt /1
'
1 −=

cRtt /2
'
2 −=

For each t’, the source particles are on  
a cross-section of light cone with the x-s correlated bunch 

(Drawing from P. Krejcik, SLAC)	



Fv
eff



Dohlus,	
  ICFA	
  CSR	
  workshop	
  (2002)	
  

x̂ =α= σ x

σ z
2/3R1/3

As	
  the	
  deflecBon	
  gets	
  bigger,	
  the	
  CSR	
  force	
  is	
  smaller	
  in	
  amplitude	
  as	
  compared	
  to	
  the	
  
Rigid-­‐bunch	
  result	
  (with	
  the	
  same	
  projected	
  bunch	
  length)	
  

Results	
  from	
  
Traffic4	
  



AnalyBcal	
  Result	
  of	
  EffecBve	
  Longitudinal	
  	
  CSR	
  Force	
  

(for	
  a	
  thin	
  Gaussian	
  bunch)	
  	
  	
  

agree with Dohlus’ 	


Trafic4 result	



3/12
x

)(
   

Rzσ
σα =

Li,	
  PRST-­‐AB	
  11,	
  024401	
  (2008)	
  



• Roll-­‐over	
  (parasiBc)	
  compression	
  around	
  end	
  of	
  middle	
  dipole	
  

We	
  look	
  at	
  	
  
2D	
  effects	
  	
  
In	
  this	
  region	
  



E = 70 MeV
ε x = 1.0µm
δun = 10−4

EffecBve	
  longitudinal	
  CSR	
  force	
  over	
  bunch	
  distribuBon	
  	
  
during	
  roll-­‐over	
  compression	
  

Features	
  of	
  2D	
  Effects:	
  	
  
•  EffecBve	
  longitudinal	
  CSR	
  force	
  could	
  have	
  strong	
  dependence	
  on	
  x-­‐coordinates	
  

during	
  roll-­‐over	
  compression	
  
•  This	
  may	
  act	
  as	
  an	
  impulse	
  and	
  cause	
  slice	
  emiQance	
  growth	
  during	
  roll-­‐over	
  for	
  an	
  

over-­‐compressed	
  bunch	
  

Li,	
  PRST-­‐AB	
  11,	
  	
  
024401	
  (2008)	
  



Bunch	
  length	
  and	
  total	
  energy	
  loss	
  of	
  the	
  bunch	
  	
  
during	
  roll-­‐over	
  compression	
  

Features	
  of	
  2D	
  Effects:	
  	
  
•  Delayed	
  response	
  of	
  both	
  CSR	
  force	
  and	
  energy	
  loss	
  to	
  the	
  variaBon	
  of	
  bunch	
  length	
  
	
  	
  	
  	
  	
  due	
  to	
  retardaBon,	
  this	
  explains	
  Dohlus’	
  observaBon.	
  
•  Integrated	
  total	
  energy	
  loss	
  through	
  roll-­‐over	
  	
  compression	
  for	
  2D	
  CSR	
  is	
  similar	
  	
  
	
  	
  	
  	
  	
  	
  to	
  the	
  1D	
  case	
  

1D	
  Results	
  	
  

2D	
  Results	
  

s [m]



	
  	
  	
  	
  	
  EffecBve	
  Transverse	
  Force	
  	
  Fr
eff

•  Compare	
  the	
  driving	
  terms	
  in	
  the	
  	
  transverse	
  dynamical	
  equaBon,	
  

 

d 2x
c2dt 2

+ x
R2

= δ tot (t = 0)
R

+ 1
E0

1
R

Fv
eff ( ′t )cd ′t

0

t

∫ + Fr
eff (t)

⎛
⎝⎜

⎞
⎠⎟

For	
  a	
  Gaussian	
  bunch	
  with	
  angular	
  distribuBon	
  λφ =
1
2π

e−φ
2 /2

 

Fr
eff ! − 2Ne2

Rσ s

λφ (φ),      Fs
eff !

2Ne2

3R2σ s
4( )1/3

d
dφ

dφ1

φ1
1/3

0

∞

∫ λφ (φ −φ1)

1/3

overtaking angle
eff

sr
eff
v

F
F R

σ⎛ ⎞
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: :

Fr
eff	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  not	
  negligible	
  compared	
  to	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  during	
  formaBon	
  length,	
  

	
  
	
  	
  	
  but	
  the	
  	
  overalll	
  driving	
  forces	
  are	
  	
  dominated	
  by	
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P	
  

 with   δϕ 0 = Eϕ 0 / E0   for  Eϕ 0 = eϕ(0)

RelaBve	
  PotenBal	
  Energy	
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 δϕ 0

•  For	
  a	
  bunch	
  with	
  low	
  peak	
  current,	
  the	
  	
  effect	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  negligible	
  	
  
	
  	
  	
  	
  	
  	
  compared	
  to	
  	
  
	
  
•  It	
  is	
  called	
  pseudo	
  energy	
  spread	
  because	
  it	
  appears	
  in	
  all	
  transverse	
  	
  
	
  	
  	
  	
  	
  	
  and	
  longitudinal	
  measurement	
  as	
  effects	
  of	
  kineBc	
  energy	
  spread	
  

•  It	
  should	
  also	
  play	
  a	
  role	
  of	
  Landau	
  damping	
  for	
  microbunching	
  instability	
  

•  Unlike	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  has	
  strong	
  correlaBon	
  with	
  transverse	
  and	
  longitudinal	
  
	
  	
  	
  	
  	
  density	
  distribuBon	
  	
  

 δϕ 0

δ k0  δϕ 0

 δ k0



P	
  PotenBal	
  Energy	
  for	
  a	
  Gaussian	
  Bunch	
  

For	
  a	
  cylindrically	
  symmetric	
  3D	
  Gaussian	
  bunch	
  with	
  rms	
  size	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  
the	
  potenBal	
  is	
  	
  

 
Eϕ = eϕ(x, y, z) = mc2

I p
IA

⎛
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⎞
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Li,	
  arXiv:	
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  (2014)	
  



Example:	
  

P	
  Pseudo	
  Slice	
  Energy	
  Spread	
  

 E0 = 135 MeV,   σ z = 750 µm,  γ 0ε x = γ 0ε y = 1 µm,  I p = 120A

ContribuBon	
  of	
  potenBal	
  energy	
  to	
  the	
  total	
  energy	
  	
  
distribuBon	
  for	
  z=0	
  slice	
  (	
  	
  	
  	
  	
  	
  	
  has	
  Gaussian	
  distribuBon)	
  

 = Ek0 +Eϕ 0  = Ek0 +Eϕ 0

When	
  	
  	
  	
  	
  	
  	
  is	
  high	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  low,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  could	
  be	
  appreciable	
  and	
  
Its	
  effects	
  could	
  be	
  measurable.	
  

I p  σ Ek
σϕ

 green:Ek0

 red :Ek0 +Eϕ 0

 green:Ek0

 red :Ek0 +Eϕ 0

 Ek0



Experiments:	
  
	
  

Implication to Simulation and Experiments 

Fv
eff •  	
  Has	
  strong	
  x-­‐dependence	
  during	
  roll-­‐over	
  	
  	
  

	
  	
  	
  	
  	
  	
  	
  compression,	
  can	
  cause	
  increase	
  of	
  slice	
  emiQance	
  

 δϕ 0 •  Can	
  cause	
  observable	
  effects	
  only	
  at	
  high	
  peak	
  current	
  
•  Enters	
  into	
  bunch	
  energy	
  spread	
  observed	
  in	
  dispersive	
  
	
  	
  	
  	
  	
  region	
  

§  Increase	
  of	
  observed	
  slice	
  energy	
  spread	
  
	
  	
  	
  	
  	
  (important	
  for	
  HGHG,	
  EEHG	
  and	
  HHG)	
  
§  Modifies	
  longitudinal	
  phase	
  space	
  curvature	
  
§  May	
  affect	
  the	
  minimum	
  bunch	
  length	
  	
  
	
  	
  	
  	
  	
  	
  at	
  full	
  compression	
  	
  

	
  	
  
DetecBng	
  these	
  phenomena	
  require	
  bunches	
  with	
  high	
  charge	
  and	
  	
  
small	
  transverse	
  emiQance	
  and	
  slice	
  kineBc	
  energy	
  spread.	
  

 R56σ Etot

Presently	
  	
  machines	
  are	
  designed	
  and	
  operated	
  at	
  bunch	
  charge	
  of	
  hundred	
  pC	
  



SimulaBons	
  
	
   The	
  canonical	
  formulaBon	
  is	
  helpful	
  for	
  theoreBcal	
  understanding	
  of	
  the	
  interplay	
  

of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  but	
  numerical	
  modeling	
  sBll	
  need	
  to	
  use	
  Lorentz	
  force	
  in	
  terms	
  
Of	
  E	
  and	
  B	
  fields.	
  
	
  

Fr
col Fs

col

1D	
  CSR	
  Model	
  

•  Take	
  care	
  cancellaBon	
  in	
  CSR	
  by	
  not	
  including	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  the	
  x-­‐dependence	
  
	
  	
  	
  	
  	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
•  Keeping	
  only	
  the	
  dominant	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  term	
  

Fr
col

Fs
col

Fs
col (z)

2D/3D	
  CSR	
  Model	
  

•  	
  2D	
  model	
  takes	
  care	
  effect	
  of	
  large	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  dispersion	
  region	
  on	
  the	
  retardaBon	
  
	
  	
  	
  	
  	
  	
  by	
  correctly	
  idenBfy	
  the	
  source	
  parBcles	
  

δϕ

σ x

•  All	
  terms	
  related	
  to	
  cancellaBon,	
  including	
  residual	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  depends	
  on	
  3D	
  bunch	
  
	
  	
  	
  	
  	
  distribuBon,	
  are	
  dominated	
  by	
  local	
  interacBon	
  contribuBons.	
  
	
  •  To	
  include	
  all	
  effects	
  and	
  to	
  let	
  the	
  cancellaBon	
  play	
  out,	
  through	
  correct	
  
	
  	
  	
  	
  	
  	
  treatment	
  of	
  EM	
  fields	
  and	
  dynamical	
  advances,	
  a	
  fully	
  self-­‐consistent	
  3D	
  	
  
	
  	
  	
  	
  	
  	
  CSR	
  and	
  space	
  charge	
  code	
  is	
  needed.	
  



•  The	
  Lorentz	
  force	
  derived	
  from	
  E	
  and	
  B	
  fields	
  indeed	
  contains	
  potent	
  
terms	
  that	
  has	
  strong	
  dependence	
  on	
  the	
  parBcles’	
  transverse	
  posiBon.	
  
But	
  its	
  effect	
  on	
  transverse	
  dynamics	
  cancels	
  with	
  that	
  from	
  potenBal	
  
energy	
  effect.	
  

	
  
•  To	
  correctly	
  model	
  the	
  cancellaBon	
  in	
  the	
  simulaBon,	
  the	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  needs	
  to	
  be	
  calculated	
  with	
  the	
  same	
  accuracy	
  	
  	
  	
  	
  
	
  
•  The	
  cancellaBon	
  is	
  a	
  manifestaBon	
  that	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  experience	
  the	
  

centrifugal	
  geometric	
  effect	
  together	
  as	
  a	
  dynamical	
  enBty	
  
	
  
•  The	
  residual	
  driving	
  terms	
  influence	
  the	
  dynamics	
  when	
  the	
  bunch	
  peak	
  

current	
  is	
  high	
  and	
  slice	
  emiQance	
  and	
  energy	
  spread	
  is	
  small	
  	
  

Summary 
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